We study the entanglement properties of a class of quantum states that can be generated in arrays of two-state particles (qubits) with simple next-neighbor interactions. Examples of such systems are optical lattices for neutral atoms and arrays of ion traps for charged particles. We show that, by simple interferometric operations, entangled states of large "clusters" of particles can be created which have the following properties: Any chosen pair of particles of a cluster can be projected into a Bell state by local measurements on the other particles. Different from so-called GHZ states, these cluster states have a high persistency of entanglement, defined as the required number of local (1-particle) measurements to completely disentangle a cluster.
We study the entanglement properties of a class of quantum states that can be generated in arrays of two-state particles (qubits) with simple next-neighbor interactions. Examples of such systems are optical lattices for neutral atoms and arrays of ion traps for charged particles. We show that, by simple interferometric operations, entangled states of large "clusters" of particles can be created which have the following properties: Any chosen pair of particles of a cluster can be projected into a Bell state by local measurements on the other particles. Different from so-called GHZ states, these cluster states have a high persistency of entanglement, defined as the required number of local (1-particle) measurements to completely disentangle a cluster.
Recent proposals for scalable quantum computers are based on arrays of microtraps [1] such as ion-traps [2] , optical lattices [3, 4] , and magnetic microtraps [5] , where large samples of particles can be stored, and the interaction between the particles can be controlled by a few global parameters. These models can be regarded as Ising-type lattice systems, in which the interaction between the spins can be switched on and off at will. Such systems offer a high degree of parallelism which can, in principle, be used for efficient realisations of quantum logic networks [6] and for efficient simulation of spin-spin interactions [7, 8] .
In this paper we study the quantum mechanical state of samples of particles that can be generated in arrays of microtraps with a d-dimensional lattice structure (d=1,2,3). These particles could be atoms or ions with two internal states or similar spin-1/2 systems. We consider the general situation of random occupation of the sites, i.e. each lattice site is occupied by a single particle with probability η ≤ 1 or empty otherwise. For sufficiently large η, the particles group into clusters which may extend over large regions of the lattice [9] . We are interested in the entanglement (of the internal degrees of freedom) of such clusters that is generated by simultaneous interactions between neighboring particles. We show that the cluster states have certain remarkable properties. They are similar to so-called (generalized) Greenberger-HorneZeilinger (GHZ) states [11] with respect to the property that any chosen pair of particles of a cluster can be projected into a Bell state by simple measurements on the other particles. They are distinct, on the other hand, with respect to the operational effort that it takes in terms of (1-qubit) measurements on the other particles to completely disentangle a cluster. We define different classes of entangled states of such clusters that can be created on a lattice by global manipulations and discuss their properties. Cluster states could have applications for quantum computing as a resource for an efficient generation of Bell and GHZ states that can be used for teleportation [12] and other computational primitives [13] .
We consider an interaction Hamiltonian of the form
where the indices a, a run over all occupied lattices sites A and the coupling terms E a (t) and g a,a (t) are controlled externally. We will concentrate on the special case g a,a (t) = g(t)f (a − a ) where the interaction affects all particles simultaneously as specified by the function f (a−a ). As an example, consider first a one-dimensional lattice with g a,a (t) = g(t)δ a+1,a which corresponds to an interaction between next neighbors only. This generates a unitary transformation
with φ ≡ dtg(t). It corresponds to a multi-atom interferometer of the type depicted in Fig. 1 phase shifts are acquired whenever the paths of two neighboring atoms come together. These paths can be actual paths of the atoms as in the case of proposed implementations based on cold collisions [4, 6] , or they can be abstract paths as in the case of long range interactions based on Coulomb repulsion, where the spatial displacement of the ions are only fractions of the extension of their wavepackets [2] . Consider the case where N atoms enter the interferometer on neighboring sites a = 1, 2, . . . , N, with every atom being in a superposition (|0 a + |1 a )/ √ 2 of two internal states |0 a and |1 a that run through the interferometer along different paths. For an interaction phase φ = π, one obtains the final state
which is a superposition of all basis states
x j = x j + 1 mod2 counts the number of collisions (in the actual or abstract sense) between atoms on neighboring sites that occur when the atoms enter the interferometer of Fig. 1 in the state |x N . The state (2) has some noticeable properties, which will be proved below: (i) Any chosen pair of atoms can be projected into a Bell state by individual measurements on the other atoms. (ii) A measurement of the observable σ (a) x of every second atom (a = 2, 4, 6, . . . , with a < N) projects the remaining atoms into a GHZ state. (iii) To completeley disentangle the state (i.e. project it into a tensor product state of all N atoms) one needs to measure at least N/2 of the atoms.
In the following, we will investigate the entanglement structure of (2) and its two-dimensional generalisations (3), for clusters of particles, and (4), for more general interactions. Entangled states of clusters (3) can be created by a similar interaction that corresponds to interferometric displacements along two-or three directions. We will use the more general term qubit instead of particle or atom whenever we are only interested in the entanglement properties of states. We will prove that the state (3), regardless of the shape of the cluster, is maximally connected in the following sense: Definition 1: The quantum mechanical state of a set C = {1, 2, . . . , n} of n qubits maximally connected if any two qubits j = k ∈ C can be projected into a pure Bell state (with unit efficiency) by local measurements on the other qubits of the set.
To prove this statement, we employ the following terminology. For simplicity, we concentrate on twodimensional lattices. Each lattice site is specified by a pair of (positive or negative) integers
2 specifies all sites that are occupied by a particle. Two sites a = (a x , a y ), a = (a x , a y ) ∈ A are connected if there exists a sequence of neighboring sites that are all occupied, that is {a
⊂ A with a (1) = a and a (n) = a . A cluster C ⊂ A is a subset of A with the properties that (1) any two sites c, c ∈ C are connected, and (2) any sites c ∈ C and a ∈ A\C are not connected, i.e. the set C is maximal. To account for the internal degrees of freedom of the trapped particles, we define a binary cluster by a "bitmap" x : C → {0, 1}, and denote the set of all such maps by B C . In a binary cluster, each site c ∈ C carries a binary value i ∈ {0, 1} that corresponds to a particle (i.e. qubit) being in one of the two eigenstates |i c of the observable σ (c) z . The quantum mechanical state |x C corresponding to x is defined as |x C = c∈C |x(c) c . Any state of a cluster can be expressed as a superposition of the form |ψ C = x∈BC α x |x C . To generate entangled states in the two-dimensional lattice, we first bring all qubits into the superposition (|0 a + |1 a )/ √ 2 of both internal states. This can be achieved by applying the Hadamard transformation R = c∈C (σ
2 on the initial state |0 C . Then, interferometric lattice shifts S x = S x (π) and S y = S y (π) in both x-direction and ydirection are applied, which results in the state
as the generalization of (2). In (3), c(x) gives the number of collisions associated with the binary cluster x and is defined analogous to the one-dimensional case.
The state |Φ C in (3) is maximally connected for all clusters C. To prove this, we consider first the onedimensional case where C = {1, 2, . . . N} is a string of N neighboring qubits. We may then write the state (3) in the compact form
z is the Pauli phase flip operator σ z that acts on qubit j. For N = 2, this is a Bell state of the form
where we have used the ex- 
This state is, up to the local unitary transformations specified in the parenthesis, identical to an entangled cluster state of length N − 1, and gives us a recursion formula. We can repeat this procedure and measure qubit 3, and so on. We obtain ( j xj j |)|{1, 2, 3, . . . , N} C = U 1 |{1, N} C with
for N odd, up to a phase factor. This is a Bell state. To bring any other qubits j, k (w.l.o.g. j < k ) from the string {1, 2, . . . , N} into a Bell state, we first measure the "outer" qubits 1, 2, . . . j − 1 and k + 1, k + 2, . . . , N in the σ z basis, which projects the qubits of the remaining string j, j + 1, . . . , k into the state
A subsequent measurement of the "inner" qubits j + 1, . . . k − 1 will then project qubits j, k into a Bell state, as shown previously.
In 2 dimensions, the proof goes as follows. Given a cluster C and any two qubits on sites c , c ∈ C. To show how to bring these qubits into a Bell state, we first select a one-dimensional path P ⊂ C that connects sites c and c as in Fig. 2 [14] . Then we measure all (neighboring) qubits surrounding this path in the σ z basis. By this procedure, we project the quantum mechanical state of the remaining qubits into a tensor product state of the group of "outer" qubits, on one side, and the qubits on the path, on the other side. The path P corresponds, topologically, to a linear string of particles whose (joint) state |Φ P depends only on the measured state of the surrounding particles. One can show that this state is, up to local unitary transformations, identical to the state |Φ N of the linear string C = {1, 2, . . . N}. When a given qubit a = (a x , a y ) ∈ C is measured in the σ z basis, then the remaining cluster is projected into the state σ |ψ C\{a} for the projection of a into the state |1 a . As a result, the state |Φ P is identical to the entangled state S y S x H|0 P of the 1-dimensional cluster P, modulo local unitary operations
one can finally transform the state of the qubits into the form 2, 3 , . . . , N labels the sites on P as we go from c to c . We have thus reduced the two-dimensional problem to the one-dimensional problem. This concludes the proof of maximum connectedness for 2-dimensional clusters. The proof for three-dimensional clusters goes parallel.
The property of maximum connectedness implies that one can faithfully teleport [12] a qubit from any site of a cluster to any other site of the same cluster. At the same time, it implies that the reduced state ρ a = trace C\{a} |Ψ C Ψ| = 1 2 1 a of each individual qubit a ∈ C is completely undetermined while the total state is pure. This is a remarkable property, but it does not specify the state uniquely. The class of all maximum connected state includes, in particular, the well-known Greenberger-Horne-Zeilinger (GHZ) states [11] that are of the form |ψ GHZ = (|000 .
These states have been called "maximally entangled" [15] by many authors because a measurement of only one of the particles determines the state of all other particles individually. This property has played a central role in the discussions of the so-called Schrödinger cat and of non-locality. This means, on the other hand [15] , that the GHZ states may be disentangled by a single (one-particle) measurement. Cluster states, (1-qubit) measurements that are required to completely disentangle the state. By disentanglement, we mean any operation that brings a state into a product state of all qubits [16] . Obviously, for all n-qubit states 0 ≤ P e ≤ n − 1. To characterize large clusters, it will be convenient to use the relative persistency p e = P e /n. Note that the definitions 1 and 2 are invariant under the group of local unitary transformations on any of the qubits [17] .
To calculate the persistency of state (2) we use the property that it is an eigenstate of the operators K a = σ (5), with eigenvalue ±1. This can be used to prove statements (ii) and (iii). For simplicity, suppose that N is odd. If the observable σ (a) x is measured on all evennumbered qubits a = 2, 4, 6, . . . , N − 1, this implies that the outcomes of σ z measurements on the odd-numbered qubits are strictly correlated. Furthermore, the resulting state is an eigenstate of the operator
since (2) is. This proves property (ii). (A slighly modified argument holds for N even.) To disentangle state (2), a possible strategy is to measure σ z of every second qubit which implies P e ≤ N/2. More general strategies that make use of (5) may allow sequences of successive qubits that remain unmeasured. The maximum number of qubits of such a sequence is three. The requirement that the final state is disentangled, together with (5), implies that out of a sequence of two (three) unmeasured qubits, one (the outer two) must be projected into an eigenstate of σ z by the measurements on neighboring qubits. These projections cost extra measurements. The total string of N qubits consists of sequences of unmeasured qubits and of segments of lengths N s of measured qubits in between. successive gaps. The number of required measurements m s on each segment is 2m s ≥ N s + 1 + z s , where z s = 0, 1, 2 counts the number of qubits next to the segment that have to be projected into a σ z eigenstate. Summing over all segments, we obtain 2m ≥ N − 1 for the total number m of measurements. The benefit from leaving sequences of unmeasured qubits is thus exactly balanced by the extra measurements that are needed disentangle the unmeasured qubits. This yields P e ≥ m = (N − 1)/2. The two bounds together give P e = N/2 which proves (iii). In the limit N → ∞, we have p e = 1/2 for the (relative) persistency of the one-dimensional cluster state (2) .
The persistency of the two-dimensional cluster (3) depends, in general, on its shape. For simplicity, consider the case where the cluster C extends to infinity (η = 1). A strategy that disentangles a cluster is specified by a set of sites M ⊂ C on which qubits are measured, and cor-
where n (c) denotes the direction of measurement on qubit c. The state of the unmeasured qubits must then be determined by those quantum correlations implied by (5) that are compatible with the choice O M . The number of such correlations is at most N/2 (with N = |C|) [18] . To leave each qubit in a definite state, at least N/2 qubits must thus be measured, giving a lower bound on p e . An upper bound, on the other hand, is established by the "site-erasure" strategy, where σ (c) z of all qubits c with c x + c y = odd is measured (i.e. every second qubit). The lower and upper bounds coincide and establish p e = 1/2. For extended clusters, the persistency of clusters states is thus much larger than for GHZ states.
The states (2) and (3) are not the only states that can be generated on a lattice. A more general class of entanglement operations are realized by translating the lattice along a given set of directions Γ ⊂ Z 2 . This generates entangled cluster states of the form
with the convention that σ (c+γ) z ≡ 1 when c + γ / ∈ C (the particle cannot be entangled with an empty site). The choice Γ = {(1, 0), (0, 1)}, for instance, creates the state (3). For Γ = {(1, 0), (1, 1), (0, 1), (−1, 1)} each particle interacts not only with the neighboring particles in x and in y direction, but also in the diagonal directions at ±45 degrees. In this situation, each particle is involved in conditional interactions with 8 neighbors instead of 4. The state (4) is maximally connected. It satisfies the eigenvalue equations
for the family of operators
, a ∈ C, where Γ∪−Γ specifies the sites of all particles that interact with a, and σ (a+γ) z ≡ 1 when a + γ / ∈ C. The eigenvalue κ = ±1 is determined by the specific occupation pattern of the neighboring sites. For a + {Γ ∪ −Γ} ⊂ C, for example, κ = 1. These operators imply a family of quantum correlations [18] , which have been used in deriving property (ii) after Eq. (2), as a simple example.
An interesting open question is how the persistency depends on the range Γ of the interaction [19] . An extreme situation is given when Γ extends over the whole cluster. The state |Φ (Γ) C with C = {(j, k)|j, k = 0, 1 . . . N − 1} and Γ = C\{(0, 0}, for example, can be disentangled by a single σ y measurement of any of the qubits and is a GHZ state with minimum relative persistency p e = 1/N 2 . Maximally connected cluster states could have interesting applications for quantum computing. In block structures as shown in Fig. 3 , one can efficiently generate samples of Bell states or GHZ states which can be used as computational primitives [13] . In implementations with arrays of ion traps [2] , for example, one could combine fast (global) generation of such multi-particle entangled states with (local) 2-bit gate operations for further processing in quantum algorithms.
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